INTRODUCTION TO SCATTERING FOR RADIAL 2,0 NLKG 
BELOW ENERGY NORM 
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' Abstract. We prove scattering for the radial nonlinear Klein-Gordon equa- 

Oh' tion 
^ . 

^0 ! f dttu-Au + u = -\u\P-^u 

. } u{0,x) = uo{x) 

■ I dtu{0,x) = ui{x) 

with 5 > p > 3 and data (uq, ui) e H= X H^'^, 1 > s > 1 - ^("'J^^^^',^^^ if 

, 4 > p > 3 and 1 > s > 1 — 2(p_i)^6_p) if 5 > p > 4. First we prove Strichartz- 

' type estimates in L^L^ spaces. Then by using these decays we establish some 

local bounds. By combining these results to a Morawetz-type estimate and 
(*~| , a radial Sobolev inequality we control the variation of an almost conserved 

quantity on arbitrary large intervals. Once we have showed that this quantity is 
controlled, we prove that some of these local bounds can be upgraded to global 
bounds. This is enough to establish scattering. All the estimates involved 
require a delicate analysis due to the nature of the nonlinearity and the lack 
of scaling. 
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. In this paper we consider the p- defocusing Klein-Gordon equation on 

o 

OO . 

O' (1-1) dttu-Au + u 

with data u{0) — uo, dtu{0) — ui lying in H'', H'^^^ respectively. Here H'^ is the 
, standard inhomogcneous Sobolev space i.e H'^ is the completion of the Schwartz 

^ • space 5(M'^) with respect to the norm 



1. Introduction 



p3 



(1-2) WJWh^ II <^?>^/|U.( 

where <D> is the operator defined by 



(1-3) <D^f{o :=(i + ieim) 

and / denotes the Fourier transform 

(1.4) /(O := 43 /(x)e--« dx 

We are interested in the strong solutions of the p- defocusing Klein-Gordon equation 

on some interval [0,r] i.e maps u,atu that lie in C([0, T], H^iR^)), C {[0, T], H^-^R^)) 

respectively and that satisfy 
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(1.5) 

u{t) = cos {t <D>)uo + - /„* ^fcl^|y|^'-i(t>(t') dt 

The p- defocusing Klein-Gordon equation is closely related to the p- defocusing 
wave equation i.e 

(1.6) dttv-Av= -\v\P^^v 

with data w(0) = vq, dtv{0) — v\. (jl.6p enjoys the following scaling property 

(1.7) ^'o(a;) (f ) 

We define the critical exponent \ ~ '^-i' ^^'^ '^^^ check that the H^" x 

ij^c-i norm of {ua,ui) is invariant under the transformation p.7|) 0. (II. 6|) was 
demonstrated to be locally well-posed by Lindblad and Sogge [7] in H'^ x i?"^^, 
s > I p > 3 by using an iterative argument. In fact their results extend 

immediately to (|1.1[) 0. 

If p = 5 then Sc = 1 and this is why we say that that the nonlinearity is 

critical. If 3 < p < 5 then Sc < 1 and the regime is subcritical. 
It is well-known that smooth solutions to (jl.ip have a conserved energy 

(1.8) 

Eiuit)) i/R3 \dMt,x)\^ dx + y^,\Vuit,x)\^dx + yj^, \u{t, x)\^ dx + ^ J^, \uit,x)\P+Ux 

In fact by standard limit arguments the energy conservation law remains true for 
solutions {u,dtu) & H'^ x H'^~^, s > 1. 

Since the lifespan of the local solution depends only on the x H^^^ norm of 
the initial data {uq, ui) (see 7 ) then it suffices to find an a priori pointwisc in time 
bound in H'^ x H^~^ of the solution {u, dtu) to establish global well-posedncss. The 
energy captures the evolution in time of the x norm of the solution. Since 
it is conserved we have global existence of (|l.ll) . 

The scattering theory (namely, the existence of the bijective wave operators) 
in the energy space for (|l.ip has been extensively studied for a large range of 
exponents p. In particular Brenner [HE] was able to prove that if | < p < 5, then 
every solution scatters as T goes to infinity. In fact he showed scattering for all 
dimension n,n > 3 and for all exponent p that is subcritical and supercritical 
0, i.e 1 -f- ^ < p < 1 + Later Nakanishi ([TO], [H]) was able to extend these 

results to n = 1 and 2. 



^ Here denotes the standard homogeneous Sobolev space endowed with the norm 

||/||^,„ := IliJ^/ILstKS) 

^by rewriting for example 111. Il l in the "wave" form dttu — Au = —\u\P^^u — u 
^i.e with data (uq,u\) G x 
^since if p > 1 -t- ;^ then > 
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In this paper we are interested in proving scattering results for data below the 
energy norm i.e for s < 1. We will assume that has radial data. The main 

result of this paper is the following one 

Theorem 1.1. The p-radial defocusing Klein-Gordon equation on M.^ is glob- 
ally well-posed in H" x H^^^ , 1 > s > s(p) and there exists a scattering state 
(it+_o,w+^i) G X H^^^ such that 

(1.9) 

^lirn^ II {u{T),dtn{T)) - (cos (T <J>)»+,o + u+.i) Wh^^h^-^ =0 



Here 3 < p < 5 and 
(1.10) 



1 (5-p)(p-3) o ^ „ ^ A 
^ ^ 2(p-l)(p-2)' •a < P S 4 



2(p-l)(6-p) 



, 4 < p < 5 



We set some notation that appear throughout the paper. 
We write A = A(v,\\uq\\h'^ ||mi||hs-i, ai,...,a„, ) if A depends on a function 

the norm of the initial data and some parameters oi, ... ,a„. Given B — 
B{v, ||uo||h=, ll-uillfl-'-i, bi, h, ---M) andC = {v, ||uo||h=, ||wi ||_h-.-i , ci, C2, c™), 
-B < C means that there exists a constant iiT = A" (6i, 6;, ci, Cm, ||wo||ff=i II'"i||h=-i) 
that does not depend on v and such that A < KB. Sometimes we write A ^^i, gg. 
B if we want to stress upon the fact that the constant K depends on qi, 92 v- We 
say that Kq is the constant determined by < in the inequality B < C if Kq is the 
smallest K such that B < KC is true. We write B ^ C when B < C and C < B. 
A << B denotes A < KB for some universal constant K < We say that a 
number a is small if there exists a constant ao — cto{p)^ such that < a < ao and 
ao < Given a and M two real numbers we denote by M°+, M"^ the number 
]\/fa.+f{a)^ j^ja-f(a) j-espectivcly with a small and / some function such that /(a) 
non negative and lim f(a) — 0. If an inequality involves or M°'~ we do not 

try at first to determine the function / in order to avoid too many complicated 
computations. However we also write the same inequality into square brackets 
with an explicit formula for / for the reader interested in the details. For instance 
/(a) ~ a{p + 2) and means 

^q(p+2) Jqj. gj^g^u ^jjg inequality ((TT5)) : this 
is indicated in (|2.16p . If an inequality involves several slight variations we might 
be interested in comparing them in order to determine after simplification what 
the sign of the total variation is. For instance assume that we want to simplify the 
fraction X := ^j^'ia ■ If we rewrite X in the symbolic form then we cannot 
conclude. This is why we will write it in the following form ^j^r- so that we can 
conclude that X = = N^+^°' . 

Let V denote the gradient operator. Let Sc, Oi,...,ds denote the following numbers 



(1.11) 



3 2_ 

2 p-1 



^with p defined in HI. Il l 
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f (p+2)(p-3) 

(1.13) 

and 

L s(p-l)(6-p) ' — ^ 

We write F{v) for the following function 



s(p-l)(P 
(4s-l)(p 




s(p-l)(6- 


-P) 


(P+2)(P- 


-3) 


(P-1)(P- 
(p+2)(5- 


-2V 
-P) 


(6-p)(p- 


-1)' 


4-p 




s(p-l)(p 
p— 4 


-2) 



(1.15) F(t;) := \vY'-'^v 

Let / be the following multiplier 

(1-16) Tm ■.= m{ono 

where m(^) := rj (;^)) ry is a smooth, radial, nonincreasing in |^| such that 



(1.17) 



1, ICI<1 




, 1^1 > 2 



and A'' >> 1 is a dyadic number playing the role of a parameter to be chosen. We 
shall abuse the notation and write to(|^|) for to(^), thus for instance m(N) = 1. 

Some estimates that we establish throughout the paper require a Paley-Littlewood 
decomposition. We set it up now. Let be a real, radial, nonincreasing function 
that is equal to 1 on the unit ball G M'^ : |^| < l} and that that is supported on 

e : 1^1 < 2}. Let t/) denote the function 



(1.18) 



^(0 ■.= m-m) 



If (M, Ml, M2) e 2^ are dyadic numbers such that M2 > Mi we define the Paley- 
Littlewood operators in the Fourier domain by 



(1.19) 



P<MfiO 



p«Mm) 

PMi<.<M2f 

Since Y.Me2^ (^jj) = 1 we have 



= ho - p^fio 

= P>M2f - P<Mif 
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(1-20) / ^Ener^PMl 

Notice also that 

(1.21) / =P<Mf + P>Mf 

It T is a multiplier with nonnegative symbol m then denotes then multiplier 

with symbol mi . For instance P^^fiS,) — ip^ (m) /(O- 

Throughout this paper we constantly use Strichartz-type estimates . Notice that 
some Strichartz estimates for the Klein-Gordon equation already exist in Besov 
spaces [5]. Here we have chosen to work in the LfL^ spaces in order to avoid too 
many technicalities. The following proposition is proved in Section [7| 

Proposition 1.2. "Strichartz estimates for Klein-Gordon equations in 
LfL^. spaces" Assume that u satisfies the following Klein-Gordon equation on R'^ 

dttu — Au + u = Q 

(1.22) { u{0,x) = uo{x) 



dtu{0,x) = ui{x) 



LetT>0. Then 



(1.23) 

\\u\\l1(Io,t])l- + \\dt <D> 1 w||l?([o,t])l« + \\u\\l^([o.t])H"- + \\dtu\\L-^i^io,T],H"-^) 

< \\uo\\h". + + \\Q\\lI([Q,T]}LZ 

under the following assumptions 

• {q,r) is m- wave admissible, i.e {q,r) lies in the set W of wave- admissible 
points 

(1.24) W :={(q,r):(q,r)e(2,oo]x[2,^), i + i^<^} 

it obeys the following constraint 



lid 
q r 

and, if d > 3 



(1-26) {q,r) ^(2,^) 

• {q,f) lies in the dual set W ofW i.e 

(1-27) W :={(9~,f):4 + i = l, 4 + i = l} 

and it satisfies the following inequality 



(1.28) 



l + i-2 = i 

q r q 
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Remark 1.3. Notice that the constraints that (q, r, q, f) must satisfy are essentially 
the same to those in the Strichartz estimates for the wave equation [7]. These 
similarities are not that surprising. Indeed the relevant operator is e'**~^^, e**^ for 
the Klein- Gordon, wave equations respectively^. They are similar to each other on 
high frequencies. 

Now we explain the main ideas of this paper. 

Our first objective is to estabhsh global well-posedness of (|1.H) for data in TT' x 
H^~^,l > s > s{p). Unfortunately since the solution lies in ff" x H'^^^ pointwise 
in time the energy p.Sp is infinite. Therefore we introduce the following mollified 
energy 

(1.29) 

E{Iu{t)) := i ^3 \dtlu{t,x)\^ dx + l /jj3 \DIu{t,x)\^dx + l J^, \lu{t, x)\^ dx + ^ J^, \Iu{t, x)\p+'^ dx 

This is the / method originally designed by J. CoUiander, M. Keel, G. Staffilani, H. 
Takaoka and T. Tao ^ to study global existence for rough solutions of semilinear 
Schrodinger equations. Since the multiplier gets closer to the identity operator as 
the parameter N goes to infinity Q we expect the variation of the smoothed energy 
to approach zero as N grows. However it is not equal to zero and it needs to be 
controlled on an arbitrary large interval. The semilinear Schrodinger and Wave 
equations have a scaling property. In [4] [T6j the authors were able after scaling 
to make the mollified energy at time zero smaller than one. Then by using the 
Strichartz estimates they locally bounded some numbers that allowed them to find 
an upper bound of its local variation. Iterating the process they managed to yield an 
upper bound of its total variation. Choosing appropriately the parameter N they 
bounded it by a constant. Unfortunately the p-defocusing Klein-Gordon equation 
does not have any scaling symmetry. We need to control the variation of (|1.29p by 
a fixed quantity. A natural choice is a constant C > 1 multiplied by the mollified 
energy E{Iuq) := E{lu{0)) at time zero. It occurs that this is possible if E{Iuq) is 
bounded by a constant depending on the parameter N: see (|2.20|) and (I2.22p . But 
Proposition 1 2 . II shows that E{Iuq) is bounded by a power of N . Therefore we can 
choose N to control the mollified energy as long as s > s{p). Since the pointwise 
in time 7?" x TJ""^ norm of the solution is bounded by the mollified energy (see 
(|2.33p ) we have global well-posedness. 

Now we are interested in proving asymptotic completeness by using the /-method. 
Notice that this method has already been used in [16] to prove scattering below the 
energy norm for semilinear Schrodinger equations with a power type nonlinearity. 
We would like to establish (|1.9p . Notice first that if this result is true then it 
implies that the pointwise in time H'^ x iJ""^ bound of the solution is bounded 
by a function that does not depend on time. Therefore in view of the previous 
paragraph, the variation of the smoothed energy should not depend on time T. To 
this end we use some tools. Recall that this variation is estimated by using local 
bounds of some quantities, namely some Zm,s s (see Proposition 12 . 2p . We divide 
the whole interval [0, T] into subintervals where the of lu is small and 

we control these numbers on them by the Strichartz estimates and a continuity 

^with D multiplier defined by Df{£,) := |C|7(5) 
^formally speaking 

^depending on TV, the time and the initial data 
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argument. Notice that in this process we are not aUowed to create powers of time 
T|j since it will eventually force us to choose iV as a function of T. We also need 
to control the Lj'''^L^+^ norm of the solution on [0,T]. Morawetz and Strauss 
[SI [2] proved a weighted long time estimate ( see (|5.8p ) depending on the energy. 
Combining this result to a radial Sobolev inequality (see (|2.27[) ) we can control 
the norm of u by some power of the energy. Of course since the solution 

lies in x H^~^, s < 1 we cannot use this inequality as such. Instead we prove 
an almost Morawetz-Strauss estimate (see Proposition 12.61 and Proposition 12.51 ) 
by substituting u for lu in the establishment of (|5.8p . This approach was already 
used in [TBj. Notice here that the upper bound of p.28p does not depend on T 
either. The almost conservation law (see Proposition [531) is proved in Section [31 b 
performing a low-high frequency decomposition and using the smoothness of F 
when we estimate the low frequency part of the variation. Combining all these tools 
we are able to iterate and globally bound the mollified energy and the L^'^'^L^T^'^ 
norm of u by a function of N and the data. These global results allow us to update 
a local control of the Zm.s s to a global one. It occurs that scattering holds if some 
integrals are finite. By using the global control of the Z^.s s in the Cauchy criterion 
we prove these facts. This is enough to establish scattering. 

Acknowledgements : The author would like to thank Terence Tao for suggest- 
ing him this problem. 

2. Proof of Theorem 11.11 

In this section we prove Theorem 11.11 assuming that the following propositions 
are true. 

Proposition 2.1. "Mollified energy at time is bounded by iV^*^^"*^ " Assume 
that Sc < s < \. Then 

(2.1) E{Iuo) < N'^^-^-> [WuoWl. + hif^.,-. + \\uor+') 



Proposition 2.2. "Local Boundedness" Assume that u satisfies il.l]) . Let M. — 

[0, s] U {1 — }. There exists N = iV(||iio||if3 , ||ui||/f3-i) >> 1 such that if J, time 
interval satisfies 

(2.2) an^t^j E{Iu(t)) < 3E{Iuo) 
and 

(2.3) ^ lES: 



JV + +(_B(/tio)) 



then 



(2.4) Z{J,u) <E^{Iuo) 



^by using Holder locally in time 
11 namely F is CMf p > 3 



I'^this is the only place where we rely crucially on the assumption of spherical symmetry 
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Here m ~ 1 — a, A^++ = N'^" with a small and, given a function v, Z{J,v), 
Zm,siJ,v) denote the following quantities 

(2.5) Z{J,v) := sup„g^ Z„i,s(J,w) 

and 

(2.6) 

^m,s(J,w) := sup (g,r)-m \\dt <D> + II <D>^ ^^'IIl?(,/)l- 

wave adm 

Proposition 2.3. "Almost Conservation Law " Assume that u satisfies 
Let J = [a, b] he a time interval. Let 3 < p < 5 and s > . Then 

(2.7) Isupt^j E{Lu{t)) - E{Lu{a))\ < ^^4^ 
Here N^^^ = N^^^°''^p^^'> with a small. 

Remark 2.4. Notice that if p = 3 then the upper bound is O {jfr^) modulo 
ZP'^^{J,u). This result has already been established in [15] for a slighly different 
problem, i.e the defocusing cubic wave equation by using a multilinear analysis. 

Proposition 2.5. "Estimate of integrals" Let J be a time interval. Let v be a 
function. Then for i — 1,2 we have 

(2.8) mj,v)\ <^^^^ 



N 2 



with 



(2.9) R^iJ,v) := JjJ^, ^MMO^ ^FiLv) - LF{v)) dxdt 
and 

(2.10) R2{J,v) I, ^3 ^ {F{Lv) - LF{v)) dxdt 
Here N~ — N~ °'(p~'-) with a small. 

Proposition 2.6. "Almost Morawetz- Strauss Estimate" Let u be a solution 

of fOp and letT>0. Then 

(2.11) 

lo /e3 ""^I'g'"^' dxdt < sup,g[o,T] E{Mt)) + ^i([0, T],u) + i?2([0, T],u) 

These propositions will be proved in the next sections. The proof of Theorem 
ll.ll is made of four steps 

• Boundedness of the mollified energy and the quantity ||/m||^p+2^p+2. We 

will prove that we can control the mollified energy E{Iu) and the Lj^^L^+^ 
norm of lu on arbitrary large intervals [0, T], T > 0. More precisely let 
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(2.12) 

Ft '.= 



T := {t e [0, T] : sup,g[o^^.] E{Iu{t)) < 2E{Iuo), II^"II5+2([o,t'])lS+^ ^ CeI{Iuo)} 



(2.13) 



We claim that Ft — [0, T] for some universal constant C > and — 
N{\\uo\\h', \\ui\\h'-i) » 1 to be chosen later. Indeed 

— i^T ^ since £ Ft 

— Ft is closed by continuity 

— Ft is open. Let T' € Ft- By continuity there exists 5 > such that 
for all t' £ {T' - SX + S) n [0, T] we have 



suPt6[o,T'] E{Iu{t)) < '3E{Iuo) 



and 



(2.14) 



(2.15) 



Let P = {Jj)i<j<i be a partition of [0, T ] such that ||/u||^p+2 
^ for all j = 1, .., ^— 1 and ||/u||^p+2^j^^^p+2 < 



1 



N+ + E^^ {luo) 

with N++ defined in Proposition [2?1 Then by ((2?T4)) 

(p + 2)(l-92) I 3 



Ar++£;^J52 (/tio) 



(2.16) 



(p + 2)(l-£)2) I 3 ^ ^ , , „, 

/ < — m — +2 (/uo)iV"(p+2) 



By Proposition 12. 21 and 12.31 we get after iteration 



(2.17) sn^t^^^^T]E{I<t))-E{Iuo) < 



(p + 2)(l-£)2) , 3 , p + 1 



1 O I ± 

^ " (/«o) 



(p + 2)(l-92) , 3 , P + 1 



(2.18) sup,g[o^ S(/u(i)) - Eiluo) < 



N- 



(/no) 



Let Ci be the constant determined by (|2.17p . If we can choose >> 1 
such that 



(2.19) 



(p + 2)(l-82) I 3 , P+1 

AT~" 



then supfgjQj.'] E{Iu{t)) < 2E{Iuo). The constraint (|2.19p is equiva- 
lent to 



(2.20) 
(2.21) 



E{Iuo) < 



(5-p)(p-3) 
jV (p-l)(p-2) 

2(p-3) ~ 
„ (p-l)(p-2) 



i;(/uo) < 



(5-p)(p-3) 

_B(p-i)(p-2) 



6e»(p-3) 
p-2 



2(p-3) 
,(p-l)(p-2) 
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if 3 < p < 4 and 



(2.22) E{Iuo) < ^ ^ig^" 

^^(6-p)(p-l) 



(2.23) 



6a(5-p 

E{Iuo) < ^<iz£H£i±L_^ 



if 4 < p < 5 after plugging (fTTTO)) into ^J^. By Proposition it 
suffices to prove that there exists N ~ ^(||uol|ff=; II"i||h=-0 >> 1 
such that 

(2.24) iV2(i-^)max(||uo||ff^, ll^iillff^-i, Ikoll?;.') < iVra^" 
in order to satisfy p.20p and 

(2.25) iV2(i-^)max(||uo||//., ||Mo||ff~i') < NW^^jf^' 

in order to satisfy (12:2211 R Such a choice is possible if and only if 
s > s{p). By Proposition 12.61 Proposition 12 . 51 and (I2.13P we get 

, (p + 2)(l-6)2) 3 p+1 

(2.26) Jo k^^^W — ^"^'^^ :^E{Iuo) + ^5^^^ ^ 

< E{Iuo) 

Combining (j2.26p to the following pointwise radial Sobolev inequality 

(2.27) \Iuit,x)\ < 
we have 

(2.28) ll^"llLr^[o,T'])L£+= ^^*(^"o) 

and we assign to C the constant determined by < in (I2.28p . 
• Global existence We have just proved that 

(2.29) snpt^[„^T] E{Iu{t)) <2E{Iuo) 
and 

(2.30) ||/^i|l5^.(jo_^,)p+. <Ci?i(/uo) 

for some well-chosen N = Ni^UQ^w-, ||wi||//s-i) >> 1 and 1 > s > s{p). 
Therefore by Proposition [^H] 

(2.31) SUPtg[o^j.]i;(/u(t)) <||no||ff= 1 

ll"lll_HS-l 

and 



(5-p)(p-3) (5-p)2 

12 with Ar(p-i)(p-2) , Ar(6-p)(p-i) defined in Jg^lJ, 12:231 respectively 
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(2.32) II^"IIl|+^[o,t])l£+^ ^ lj«oll«'- ^ ^ 

Now by Plancherel and ((2?3T|) 

\\{u{T),dMT))\\H^xH^-^ <E{Iu{T)) 
(2-33) <ll„„||„. 1 

This proves global well-posedness of (|l.ip with data (uq: "i) G i/* x H'^~^, 
1 > s > s{p). More over by continuity we have 

and 

(2.35) ll-'^"llif+2(R)L£+^ ^ ll«ollff= 1 

• Global estimates 

Let T' := (Jj = &j])2<j<r be a partition of [0, oo) such that 



(2.36) ll^"llLf+^J,)L£+^ 



< 



l-f>2 

N++{E{Iuo))"^ 



(2.37) 



(2.38) 



with A^++ defined in Proposition l2.2l Notice that from Proposition l2. II and 
(|2.35p the number of intervals / satisfies 

(p+2)(i-a2) 

I <E m (luo) 

Moreover by slightly modifying the steps between (|4.5p and (|4.13p and by 
(I04)) we have 

ZsAJj,u) < iMaj)) + CiZffiP-^)+^(J„ w) + C2z!^r'^+\j,,u) 

with Ci, C2, and 6 defined in (|4.14p . (|4.15p and (|4.10p respectively. Even if 
it means increasing the value of = NIWuoWh", \\ui\\h^-^) >> 1 in (|2.24p 
and (|2.25p we can assume that (I4.16P and (|4.17p hold. Therefore by Lemma 
14.11 and Proposition 12. 1 1 we have 



Z,AJ,,u) <E2{Iuo) 
(2.39) < II II 1 

By ([05)1 and (PITTI) we have 
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(2.40) 



Z,,,(R,u) <||„„||„, 1 



• Scattering 
Let 



(2.41) 
(2.42) 

(2.43) K{t) 
and 

(2.44) u„i(t) 



vit) 



u{t) 
dtu{t) 



Wo 



Ui 

COS {t <D>) 
<D> sin (t <D>) cos (t <£)>) 



sin {t<D>) 
<D> 



/ sin ('(t-t')<D>') / , / / 

/ Jo ^ <D> ^ (i^r^(o^(o 



dt 



\ /o*cos((t~t') <i?>) (|ziri(t>(<')) dt J 

Then we get from ()1.5|) 



(2.45) v(<) = K(t)vo - u„i(i) 

Recall that the solution w scatters in iJ" x i/''^^ if there exists 



(2.46) 



(2.47) 



ua.+ 



such that 



||v(i)-K(i)v+,o||(^. 

has a limit as t — > oo and the limit is equal to 0. In other words since K is 
bounded on x H'^~^ it suffices to prove that the quantity 



(2.48) ||K-i(t)v(t)-v+,oL.,^._, 

has a limit as i —> cxd and the limit is equal to 0. A computation shows that 



(2.49) 



cos (t <D>) 



i(t<D>) 
<D> 



<D> sin {t <D>) cos {t <D>) 



But 



(2.50) 



K-\tMt) =vo-K-i(Ou„i(0 
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By Proposition 11.21 

(2.51) 

l|K-l(ti)u„,(ti) - K-l(t2)u„l(t2)|k=xH-i < l|u„l(tl) - U„i(t2)||ff.xi/-i 

Ll + ' ([tl,t2])ix"'' 

If we let J := [ii, in (|4.5p and follow the same steps up to (|4.13|) we get 
from ((OQll 

(2.52) 

\\<D>'-^ l{\u\P-'u)\\ 2 2 <Ci<^i^-^)+\[ti,t2],^/) + C2Zf(r'^+\[ti,t2],u) 

Lj+^([ti,i2])Lj^ 

By (ElOl), (P3T|) and (^32)) 

(2.53) ^lim^||K-i(ti)u„i(ti)-K-i(i2)u„i(i2)|k-^xH-i =0 

uniformly in t2- This proves that K^^(t)w(i) has a limit in i/** x iJ"^^ as 
t goes to infinity. Moreover 

(2.54) £m ||v(t) -K(t)v+,o||(^. ,,.-1) =0 
with v_|_^o defined in (|2.46p . 

(2.55) u+,0 :=^o + /o°° ""^4^>''^^ (\u\P-\t )u{t )) dt 
and 

(2.56) u+s ■.= ui- cos (t' <D>)(\u\P-\t)u{t)'j dt' 

3. Proof of "Mollified energy at time is bounded by a^2(i-s)i> 
In this section we aim at proving Proposition [^Hl By Plancherel we have 

Similarly 

.0 21 II v/«olli2 < 4|<2^ mMt. 0? di + 4i>2^ d^ 

Moreover by the assumption s > Sc 



hod < ll^^«^«0|li+!. + \\P>NUod 

(3.3) < A^^''+'^(^-^)|ko||^+' 

<iV2(i-)||^o||?^^ 
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4. Proof of "Local Boundedness" 
Before attacking the proof of Proposition 12 . 21 let us prove a short lemma 

Lemma 4.1. Let x{t) be a nonnegative continuous function of time t such that 
x{Q) = 0. Let X be a positive constant and let ai, Ci, i € {1, ..,to} be nonnegative 
constants such that 

(4.1) C,X"«-i << 1 

and 



(4.2) x{t) <X + Y,C^x°'{t) 

Then 



i=l 



(4.3) x{t) < X 



Proof. If we let x{t) then we have 



(4.4) x{t) < l + ^QX°'-ix"'(t) 

i=l 

and x{0) — 0. Applying a continuity argument to x we have xify < 1. This implies 

□ 

Plugging <D>^'™ 1 into (|1.23p we have 

There are three cases 

• m = s. By (j4.5p . the fractional Leibnitz rule and Holder inequality 



(4.6) 

ZsAJ^u) <Eh[Iuo) + \\<D>^-^ Iu\\ .\\\u\^-'\\L^,nL. 



<EHLu^) + Zs,s{J.u)\\ur-l_,..^^_,, 



We are interested in estimating ||-P<<Arw||^I(p_i) 2(p-i) ■ There are two cases 
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3 < p < 4. By interpolation and (|2.3p we have 



(4.7) 

(t)l+t)2-l)(p-l) 
< E -i {lug) ^03{P-1)( r , X 

(-g3)(p-l) 
<- E 2 (Iuq) yBsip-l), J X 

^ WTT ^s,s [JjU) 



(4.8) 



(-e.i)(p-i) , 



— p > 4. By interpolation, Sobolev inequality and p.Sp we have 

(4.9) 

\\p«Nurr.U. < i\\p<<Nu\\'i!fr,]lAP<<Nu\f^^^^^^ 

I.0^ +£)2-l)(p-l) 

' (lug) r,e3(p-l)l 



L/ (J)Li 



(-93)(P-1) „ , 

< E 2 (lug) ySsip-l)/ T ,,N 



See (|4.8p for an explicit formula of A^++ in 



Now we estimate ||P>7vw||%(l-i). ,w2(p-i) ■ Let 



(4.10) 0--= 
By interpolation we have 

~ ^(i-a)e(p-i) jY(p_i)(i_e)(i_s)^++ 



(i-a)(p-i) zf<J'-i)(J,«) 
^ (-^"o) jv(i-.)(P-i)iV++ 



since s > Sc > 
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(4.12) 

II „||P-1 < Lf(J)Li " "j-rCJ)-^! 

IK>Ar"ll^2(p-i)^^^^^2(p-i) ^(i-s)e(p-i) 7v(p-i)(i-»)(i-=)Ar2°(p-i) 

2 i-'Woj ^(l_,,(p_l)jy2c(p-l) 

Therefore we get from (031), (g^]), (gl]) and (|iJT|) 



(4.13) Z„,,,(J,u) < i?^(/uo) + CiZ!fjP-'^+\j,u) + C2Zt^r^^+\j,u) 
with 



-e3(p-i) 

(4.14) j;;^ ^ 

and 

(i-e)(p-i) 

(4.15) r — ^ ^ (^"o) 
Notice that by Proposition [TI] 

(4 16) CiE'-^^{Iuo) 

^ ' ' « 1 

and 

f4 17) C2E'-^{Iuo) <ivTT 

^ ■ ^ << 1 

if we choose TV = iV(||uo||_f/s, l|ui||^3-i) >> 1. Applying Lemma HTTl we 
get 

(4.18) Z,^s{J.u) <E-2{Iuo) 

• m<s Notice that by (gT]), gH), (jiTT]) . gH]), ((iT7)l and (gl^ 



D-l 



< 



(4.19) ^ 

<< 1 

Moreover 



ZmAJ^u) ^ Ei{Iuo) + II <D>^~^ I{\u\P~^u)\\ 



(4.20) < £;5(/uo) + II <i:i>i-'" 



l-ni r„ii , ' iu,iiP-i 



u 



~1 

2(p-l 
t 

By dmn]) and (g?^ and Lemma Ol we get 
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m = 1— — 1 — a with a small. We have 



(4.21) 

Z„Mu) <Eh{Iuo) + \\ <i?>i-(i-)/(|uriu)||^i+(^)^.- 
< e"^{Iuo) + N+\\\u\P-^u\\^,+ ^^j-^^.- 

Hluo) + N+\\ \P<<Nu\P-'P«Nu\\^+(^j-^^2- + N+\\ |P«^uriF>jvullii+(j)i2. 
+ 11 |F>^uriF«Aru||^j+(^)^2- + N+W \P>^u\P-^P>^u\\^^+^ 



< 



(4.22) 



, ^OJ ^» IM-i <<iV "I ^ <• 

+ N+\\\P>^u\P-^P^<Nu\\^.+^j^^2 

Z^^,{J,u) <Eh{Iua) + \\<D>^ 

<E^Iu^) + N'^\\\u\P-^u\\ . 

'5(/uo)+ A^"|| \P«Nu\P-^P«Nu\\ 



2- 



-(1-°) /'(I7/JP-I7/,) II 2 2 

— 1 II 



(4.23) 



< e'2{Iu^)+ N"\\\P^^^u\P-^P<<Nu\\ 2 , 

+iv"ii|p«wzirip>^wii 2 , , 
+iv"ii|p>^^.rip«jvwii 2 , 
+iv"ii|p>^.«rip>^7.ii 2^ _ 

But by (|i?Tg)) we have 



2 



2 

2-(l- = ) 
2 

2-(1-q) 



2 

-(1- = ) 



4.23) 

iV+|l|P«^urlp«Aru||^i + (^)^2 



< A^+||/u|Il2+(,^)^oo-||/u||^,(^p_i,^^^^2(p-i) 

< 7V+II <i?>i"(i-) /7.||^2;(,)^.-||Jr^y^„^^^^,,,_,, 

<^+lkll5(l-l,(j)^2(.-.,^l-,.(J,«) 

^ Zi-,.(J,u)' 
^ iVT 



(4.24) 

^ iV"l||P«^7.|: 



2 

2-(l-a) 



<iV"||/zi|| 2 ^ 

II r..llP-l 



2 



ll^"ll^2(p-l,(jj^2(p-l) 

< iV"|| <D>i-(i-") /u|| 

p-1 '''^ 



"(J)L, 



< 



Similarly 



(4.25) ||7V+|P>^7.|P-ip«jvw||^i+(^)^2- 



'l 

7Va(2p-3) 



^ — m — 



(4.26) 

^ ||iV"|P>^WrlP«Ari.|l 2 

Moreover since s > 



<iV"||ii||p;,^,_,,^^j^,(,_,,^i_«,.(j,,i) 



^ JV°(2p-3) 
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(4.27) 

N+\\\P^^r^u\P-'P>Nu\\^.+^2- <N+\\P<<Nu\r' \\P>nu\\ 



N'^\\\P«Nu\P-'P>Nu\\ <N'^\\P«Nur-] , ^ 



N 

(4.28) 

'\\\P«Nu\P-'P>Nu\\ , _ _ . . 

||P>JV'"II , 6,,, 

AT 2 ° 

By Proposition 12. II we have for = N (WuoWh" , 11^*111^=^-0 >> 1 



\\<D>^ (p )/«|| 



iV+ll \P>Nu\P-'P>Nuhi^^j^Li- < N+ 

(4.29) ^ 1^4^- 

rNj 5 — p 





A~2- 



2p 

I.j;'+(.7)LP-'' 



<^^(^wo) 

since s > | > Sc- 

(4.30) 



p — 2+a 



, / 2(2-e<) \ 
||<D>' l^^i/«r 2p 2p 



^ E2{Iuo) 

<eHIuo) 
Now by gH]), g^H), (li:?7|) and (ICTl 

(4.31) ^i-..(J,^^) <M(/«o) + ^iT#^ + 4^^f"'W") 

A 2 
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Let C3 



E2{Iuq) 



Then by Proposition 12.1 



(4.32) 



and 



(4.33) 



« 1 



if 7V = iV(||uo||ff=,||Mi||ff-i) >> 1- From Lemma mi (ICTD . (lOTD 
and (p:^ we get (f^ . 



5. Proof of "Almost Morawetz-Strauss estimate" 



In this section we prove Proposition [ 
First we recall the proof of the Morawetz-Strauss estimate based upon the im- 
portant equahty p[9lfT4] 



(5.1) 
5ft 



((ifr + r) (^«" ~^u + u + wr^u)) = d, (k + ^) d,u 

+ div(-^-^-5ft((^ + ^) V.) 



|v«|^ , I 



X I \U\ X 



D+T)M 



Integrating (|5.ip with respect to space and time we have 
(5.2) 

§TT Jo" /e3 dxdt + 2n |.P(0, t) 

= - /k3 5? + ^) 5*u(T, .) dx + /„3 K + M J a,^(o, ^) dx 

if w satisfies (|l.ip . By Cauchy-Schwartz 



(5.3) 



After expansion we have 



Vu{T.x).-x 

\x\ 



dx 



(5.4) 



'Wu{T,x).-x . u(T,x) 



dx = /j 

<E{u) 



Vu(T,x)-x 
\x\ 

\'u{T,x)-x 



2 V 

2 

dx 



■dx + J^ 



\u\ 



Here we used the identity 
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Combining ()5.2p and (|5.6p we get 



(5.6) 

Similarly 



Vu{T,x)-x . u{T,x) 
\x\ + \x\ 



dx < E{u) 



(5.7) 



/r 



Vu(0,2;).-a: , u(0,2;) 



dx < E{u) 



We get from (|5.2p . (|5.6p and (|5.7p the Morawetz-Strauss estimate 

(5-8) j^,\^^^^dxdt <E{u) 

Now we plug the multiplier / into (|5.ip and we redo the computations. We get 

6. Proof of "Almost conservation law" and "Estimate of integrals" 
The proof of Proposition 12.31 12.51 relies on the following lemma 

Lemma 6.1. Let G such that ||G||ic,o(j)i2 < Z{J,v). If s > > and 

3 < p < 5 then 



(6.1) 



Jj /„3 |G (Filv) - IFiv))\ dxdt < 



Proof. We have 
(6.2) 

JjJ^,\GiFiIv)-IFiv))\ dxdt 

< \\G\\LT^ij)Li\\F{Iv) - F{v)\\l.(^j^i^. + \\G\\l^^j)li\\F{v) ~ IF{v)\\r^.^j)L. 

< Z{J,v) {\\F{Iv)-F{v)\\l.^j)i^. + \\Fiv)-IF{v)hiij)Ll) 

Let 

(6.3) X,:= \\F{Iv)-F{v)\\l.^j^l. 
and 

(6.4) X,:= \\F{v)-IF{v)h^^j^^. 

We are interested in estimating Xi. By the fundamental theorem of calculus we 
have the pointwise bound 

(6.5) \F{Iv)-F{v)\ <max{\Iv\,\v\f~^\Iv-v\ 
Plugging this bound into Xi we get 
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(6.6) 

Xi <||P«ivt^|| 



p-i 

4(p-l) , 



4(p-l) 



/ II <D>^-('-) Ivf-l 



< 1 

rsj 5 — P 
JV~2-- 



4(p-l) 
"T^ 



Lf-^ {J)Lt 



4(p-l) 



<D>i-('^+) /t;|| ^ 



< Tpi ■ 



5^ 



(6.7) 

^1 < ii^'«iv^^ir' 



+ l|P>iV«II^P(J)i2p||-P>JVW|ll,P(J)I,2p 



7-p-2c,(p-l) ^^^^^p-3 + 2q{p-1) 



^p-3 + 2a(p-l) ^j-j^ 5-p-2a(p-l) 



j^r-p-2o,{p-l) ^j^^p-3 + 2a(p-l) 



< ■ 1 

5 — p 



AT" 



(p-1) 



II <£)>i-(^+«(P-i)) Jvll 

V +11 </?>-^ /.r,p(,),j 



p-3 + 2c,(p-l) (J)/,5-p-2a{p-l) 



< 



^ra.a('^.«)^P=3+„(^_l,_^(^,«) + 2lp_5_^(^,«) 



Now we turn to X2- On low frequencies we use the smoothness of F whereas 

on high frequencies wc take advantage of the regularity of u, lying in H^. More 
precisely by the fundamental theorem of calculus we have 



F{v) =F{P<<nv + P>nv) 



(6.8) 



= F(P«jvw) + ( /o \P«NV + sP>nv\p-^ ds) P>nV 



Therefore 
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(6.9) 

< ||P>^F(P«^t;)|Ui(j)i. + II |P«jv^;r^P>iv^^|Uj(j)L2 + II \P>r,v\P-' P>^vh^^j^L2 

^ ^2,1 + ^2,2 + ^2,3 

with X2,i := ||P>;v-F'(^«Arw)||Lj(j)L2, ^2,2 := \\\P«nv\p-'^ P>nv\\lI{j)li and 
^2,3 ■= \\\P>n'v\^~^ P>n'v\\lI{j)li- But again by the fundamental theorem of 
calculus 



X2,l <U^F{P«NV)hliJ)Ll 

(6.10) 



< ^11 |j^«iv^|p-^vp«^^+ ^"«";;^^;«"- vp«^^iU;(j)z.g 

Therefore 
(6.11) 

^2,1 < ^||P«Arv|r 4^^, 4(p^_||VP«Ar?;|| 4 _ 4 ^ 

^ 5-^^ '■ 



-+ 



< Z''{J,v) 

5 — P 



(6.12) 

^ '•'^ ' ^ 7-p-2a(p-l) ^^^j^ p-.-i + 2c«(p-l) 

II <£)>l-('^+«(f-l)) /t;|| 4 4 

" "j^p-3+2c(p-l) ^^^^5-p-2q(p-1) 



Moreover 
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(6.13) 

^2,2 <^vii<^>^-('-)/^'ir.?, 



N~ 



II <D>i-(^+) Iv\\ 



< 



N- 



(6.14) 



4(p-l) 



II <i:)>^-('^+"(f-i)) /i;|| 4 



^7-p-2<:.(p-l) |.^^^p-3 + 2q(p-1) 



^P-3 + 2q(p-1) j. /-j^ 5-p-2q(p-1) 



P 



^^- = (p-l) 



As for X2.3 we have 



^2,3 < ii^>^-ir,P(,),.P 



(6.15) 



^ ii<D>^-^/^ir,p,,^,2p 

^ 5-p 



< 



5^ 

Af~2- 



Let t e J = [a, 6]. Then if m is a solution to p.ip then 



(6.16) 



Notice that 



□ 



i?(/«(t')) - E{Iuia))\ = |/[^_,,] ^3 jR(9t/^(j^(/^) - IFiu))) 
^Ila,t']lR^\9tMF{Iu)-IFiu))\ 



(6.17) ||at/M|U^^(j)i2 <Zo.AJ.u) 

Applying Lemma [01 with G := dtlu to (|6.16p we get (|2.7p . Notice also that 



(6.18) 

and that 



n^llir(^)i^ - l|v/f||L-(j)Lj 



<^o,.(J,i') 



24 



TRISTAN ROY 



(6 19) llRll^r(^)i^ <\\^MLr(j)Li 

<Zo,s(J, w) 

by Hardy inequality. Letting G(t,x) ^-'^"(^^j^)-^ gg^ p.gp from (|6.18|) and 
Lemma \6A\ for i = 1. Similarly p.Sp holds for i = 2 if we let G(t, a;) := IliliiiEi. 



7. Strichartz estimates for NLKG in i'L^ spaces 

The techniques used in the proof of these estimates are, broadly speaking, stan- 
dard [71 [S]. However some subtleties appear because unlike the homogeneous 
Schrodinger and wave equations the homogeneous defocusing Klein-Gordon equa- 
tion does not enjoy any scaling property. Now we mention them. Regarding the es- 
timates involving the homogeneous part of the solution we apply, broadly speaking, 
a "TT*" argument to the truncated cone operators localized at all the frequenciesLJ 
instead of applying it at frequency equal to one and then use a scaling argument for 
the other frequencies. The inhomogeneous estimates are slightly more complicated 
to establish. In the first place we try to reduce the estimates (see ([7381)) localized 
at all frequencies to the estimate at frequency one (see (|7.46p ). This strategy does 
not totally work because of the lack of scaling. However the remaining estimate (see 
I7.50p . after duality is equivalent to an homogeneous estimate on high frequencies 
(see (|7.52p ) that has already been established. 

Let u be the solution of (|1.22|) with data (uo,ui). Since u(j){-^) satisfies (|1.22p 
on [0, T] it suffices to prove (IL^ with [0, T] substituted for R. 

Let ui cos(t <D>)uo + ""^*<^>^ ui and Uni := - /J 2iil(^^|i^Q(t'). We 
need to show 



(7.1) Wuih^H^. + \\dm{t)\\L^H^^-i <\\uo\\h^^ + \\ui\\h'^^-i 

(7.2) \\ui\\^Lr + \\dt<D>-^ui\\LiLi <\\uo\\h'^ + \\ui\\h^-^ 

(7.3) \\Unlh.L^^ + \\dt<D>-^U^ih.L. <\\QhlL^^ 

and 

(7.4) WUnlh-^H'-^ + \\dtUni\\L^H'^-^ ^IIQILfij 

By Plancherel theorem we have (j7.ip . We prove (|7.2p . (|7.3p and (|7.4p in the next 
subsections. 



l^i.e to e**<°>PA/, M e 2^ : see ll7U5t 
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7.1. Proof of ()7.2|) . By decomposition and substitution it suffices to prove 

(7.5) |!e^*<^>«oIlL?L5 <lkoIk" 
If we could prove for every Schwartz function / 

(7.6) l|e'*<^>P<i/|L.L. <||/|U. 
and 

(7.7) l|e^*<^>PM/||L?Lj <M™||/|U. 

for M e 2^, M > 1, tlien ([721) would follow. Indeed let Pm Pm.<<2M and 
Kfi P<2. Applying ^ to / := P^f we have 

Similarly plugging / :~ P<if into (j7.6p we have 



(7.9) ^ 



Before moving forward, we recall the fundamental Paley-Littlewood equality [13j : 
if 1 < p < oo and h is Schwartz then 



(7-10) \\hh. -\\{EMe2-^\PMh 

We plug h := P>i/ into (|7.10p . Hence by Minkowski inequality and Planchcrel 
theorem 



||e'*<^>P>i/||L?Lj < II (Ea/>i |e'*<^>^M/l 
(7.11) ^ (Em>i ||e"<^>PM/|li,^, 



< (Em>i II^m/|||„ 

< 11/11/^™ 

since g > 2 and r > 2. Combining (|7.9p to (|7.1ip we get (|7.5p . It remains to prove 
(E^ and (HH). Let Ti{f) := e**<^>P<i/ and rM(/) := e'*<^>PMf, M e 2^, 
M > 1. We have 

(7.12) Ti(/)(i,x) :=/R3 0(Oe'*<«>/(^)e*«-^de 
and if M e2^, M > 1 let 

(7.13) TM(/)(t, x) 43 ^ (^) e'*<«>/(Oe^«-^ 
We would like to prove 
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(7.14) ri(/)L.ij <ii/iil= 

and 

(7.15) rM(/)llL?Ls <ll/llff- 

By a ^^TT*" argument we are reduced showing for every continuous in time Schwartz 
in space function g 

(7.16) \\TiT,*{g)\\LiL'- <ll5ll^,'^/ 
and similarly 



(7.17) WTMTMh.^. <M2™| 



with - + -V = 1 and - + -V = 1. But a computation shows that 

q q r r ^ 

.-..^ TiT*{g) =K,,g 

^ = jK,{t~t,.)*g{t,.)dt 

and 

^7^q^ TnTljig) ^ Km * g 

^ ' ^fKM{t~t,.)*g{t,.)dt 

with 

(7.20) i^i(t-t',a;) := /r3 l0(Ol'e^<^>^*"*'^e^«-" 
and 

(7.21) KMit-t\x) :=/j^3|^(^)|%»<e>(*-*')e»C-d^ 
One one hand by Plancherel equality we have 

(7.22) \\KM{t-t,.)*g{t,.)h2 <\\git,.)\\L2 
On the other hand 

(7.23) \\KM{t~t\.)*g{t\.)\\L^ < \\KM{t~t\.)\\L^\\git\.)\\L^ 
where ||ii'M(i — t , .)||l°° is estimated by the stationary phase method [5], p 441 



(7.24) \\KM{t-t',.)\\L^ <M'*min(^l,^-— i^^jmin(^l,(^)- 
and 

(7.25) \\K,{t-t\.)\\L^ <niinfl,^^) 

V \t-t 1'/ 
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By complex interpolation we have 



(7.26) \\K,{t-t,.)*g{t\.)U^ < (^niin(l,^) ) IW , 
and 



(7.27) 
with 



\\KM{t - i', .) * 9{t,.)\\Lr < KM{t - t')\\g{t\ .)ll 



(7.28) 



KM{t) A/'^min 1, 



(Af|t|)- 



min 1 



and r such that ^ ' ^ 



= 1. Observe that if {q,r) is wave admissible and (q, r) ^ 



(oo, 2) then - + ^ < f . Therefore there are two cases 



r r 
q ' 2r ^ 4 ■ 

First we estimate \\TiT^ \\ i^-i i^r . There are two cases 

• Case 1: r > 2. Then since (g, r) is wave admissible and {q, r) ^ (oo, 2) we 
also have ^ + 4p < 1 ^^d by (fTIBl) . Young's inequality and (fT^ 



(7.29) 



rirrffL.^L. <|lmin(^l,^j ||^^.||g|| 
< llrjil , , 



Case 2: r = 2. Then q^oo. Then by (|7T8| and (fr22l) we get ((7T6)) . 



We turn to (fTTTl) . We write T^Af = i^M,a + KM^b + Km,c in (fT^ with Kmm ■= 
^MX|,|^ 1 , KM.b -ft^AfX 1 <ni<„ and ifM,c := KMXm>M- We have by Young's 
inequality and (|1.25p 



(7.30) 



KAiAt - 1 ) Ht 



<M<'-i)\\x,,,^\\j\\9\\^,^, 
<M2'"||g|| 



To estimate \\KM,b{t ~t)* \\g{t , .)||^r' there are two cases 

• Case 1: - + ^ < ^ By Young's inequahty, ([7:28)) and ^35]) we have 



(7.31) 



KM.b{t-t) \\9(t\- 



< 



I Xi, <t<M -—r^ I L f 1 1 f II Lo' L- 



<M2™||g|| 



Case 2: ^ + ^ = By ((7:^ we have 



(7.32) 



K;;:,{t-t)\\g{t,.)\\^^, <M^(i-^)4 



Il9(t 



^(l-l) 



t-t I 9 
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By (fOe]) . (fr25l) and Hardy-Littlewood-Sobolev inequality [T3] 



(7.33) 



We estimate 
(imi) i.e 



(7.34) 



ifM,6(i~OII.9(i ,-)IL 
^M,c(i-t')||5(t',-)IL " 



<Af2m||„|| , , 



LI 



by applying Young inequality, (jl.25p and 



KM,c{t - t ) \\g{t 



< m(^+i)(i-7)||^ 1 11 , 



By (TTTTD . (17301) . (17311) . (17351) and (1731) we get (17171) . 

7.2. Proof of (j7.3p . By decomposition and substitution it suffices to prove 



(7-35) II e»(*-*')<^>Q(t') dt L,^. < II <D> Q\\^,^, 

By Christ-Kisilev lemma [T^] it suffices in fact to prove 



(7.36) II , 

If we could prove 

(7.37) 

and 



■g.(*-n<I.>g(i')rfi'|, <\\<D>Qh, 



ll/e^(*-*')<^>P<iQ(i')d^'llL?L5 ^WQWlIi 



(7.38) 



\\je^it-'')<^>PMQ{t)dt\\^,L. <M\\Q\\^,^, 



then (|7.f p would follow. Indeed introducing P<i and P^v/ as in the previous sub- 
section we have 



(7.39) 
and 



<\\<D> Qll 



(7.40) 



< \\Pm <D> QW^Li 
Therefore we have 



14 



an original proof of this lemma can be found in [3] 
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(7.41) 



< 



I 



E |/e^(*-*''<^>PMQ(t')rfi'l 



M>1 




< I E \\Pm <d> QWl,^, 

A/G2' ' " 

,M>1 



E \Pm <d> q\ 

M>1 



< II <D> Q\ 



Now we establish (|7.37l) . It is not difficult to see from the proof of (|7.6p and (|7.7p 
that we also have 



(7.42) 
and 



|e'*<^>P<VllL?L: < II/IIl= 



(7-43) l|e^*<^>P|i/llLfLj < II/IIl^ 

for every Schwartz function /. A dual statement of ()7.43|) is 



(7.44) 



||/e-*'<^>P<\Q(t')di'llL^ <||Q|| 



Composing (|T42| with (fr44)) we get (fr37| . 
We turn to (|7.38p . We need to prove 

(7.45) ||/e»(*-*')<^>^(^)Q(i',Orfi'e'«-^d?IL.L. < A/ligiUj^. 

By the change of variable (^Cj ^ ) (^m' ) reduced showing 

(7.46) 

ll/e'^*'*-*'Hl«l^+i^)^.(e)Q(l7rM)(0rfi'e'^^-«d?L.i. <M2||Q||^,^, 
If we could prove that for every Schwartz function G 



(7.47) 



II^MGIU^ij < |1G||^5 
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with 

(7-48) SmG :=/e'(*-*'Kl«l'+l7^)*^(^)G(t',C)dt'e^«-^d5 

then ((7^ would hold. Indeed by we have 

(7.49) 

II J m) (0 dt e»^'^-« da^K = W^m [Q (m , jj)) {Mt, Mx) 11^,^. 



By duality and composition with (|7.42|) it suffices to show 



< II/IIl^ 



(7.50) \\e<^"^^y' PhWLiL 

Again it is not difficult to see from the proof of (I7.I5|) that 



(7-51) l|e^*<^>P.^/IlL|Lj <\\I\\h^ 

But after performing the change of variable ^ — > Af ^ we have by (|1.25p and (|7.5ip 
(7.52) 

= II (e'*<^>Pi) (^^V(M-)) (if, t) IU?LJ 

< AfH7||p;;;^/(M.)||H"^ 
<mH7-I+™| 



< ll/IU^ 



7.3. Proof of ()7.4p . By decomposition, substitution and Christ-Kisilev lemma 
[H] it suffices to prove 

(7.53) II / e'(*-*')<^>Q|U^»i2 < II <i?>i— Qll^,^, 
If we could prove 

(7.54) ||/e'(*-*')<^>P<iQ(iVi'llLrL^ < IIQILfLj 
and 

(7.55) ||/e'(*-*')<^>PMQ(i')di'llLrLJ <Mi-"||Q||^,-^, 
then (|7.53p would follow. Indeed 

.7 II / e^(*-*')<^>P<iQ(i') dt' WltlI < WP^iQhlL^ 

^ ^ ^ < IK >^-" QILfi. 

and 
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.757. ll/e'(*-*')<^>PMg(t')di'llLrL? <M^^-\\PmQ\\^,^. 

< \\Pm < D >i-™ QW^i^, 

Therefore following the same steps to those in (|7.4ip we get (|7.53p . 

(|7.54|) follows from the composition of the trivial inequality \\e'^'^^^^ P<^if\\L°°L'^ ^ 
II/IU2 and GH. 

We turn to (|7.55p . We need to prove 

(7.58) II / e'(*-*')<«>^ (^) Q{t,0 dt e»«- d^lUri? M^-^\\Q\\^,^, 
Again by the change of variable (^-^, Mt ^ it suffices to show 

(7.59) ^ 

If we could prove for any Schwartz function 

(7.60) WSmGU^li <\\GhfLr 

with Sm defined in (|7.48p then substituting q, r for 00, 2 respectively in (|7.49p we 
have 

(7.61) 

\\j,^iMt-t'm^+^)i^(^^^Q^_y^)^^'^.M^ <AfHi-i|IQII^,^, 

<M2"™||g||^,^, 

where in the last inequality we used (|1.25p and (|1.28p . It remains to prove (I7.60p . 

By duality and composition with the trivial inequality ||e**^^^P<4/||i~L2 ^ II/IIl^ 
it suffices to show ()7.50p . which has already been established. 
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